CURVATURE IDENTITIES ON ALMOST HERMITIAN 
MANIFOLDS AND APPLICATIONS 



CHENGJIE YU^ 

Abstract. In this paper, we systematically compute the Bianchi 
. identities for the canonical connection on an almost Hermitian 

^0 I manifold. Moreover, we also compute the curvature tensor of the 

Levi-Civita connection on almost Hermitian manifolds in terms of 
curvature and torsion of the canonical connection. As applications 
of the curvature identities, we obtain some results about the inte- 
grability of quasi Kahler manifolds and some properties of nearly 
Kahler manifolds. 



1. Introduction 

Almost Hermitian manifolds are almost complex manifolds equipped 
with a Riemannian metric compatible with the almost complex struc- 
ture. They form the largest class of generalized Kahler manifolds. All 
the other generalized Kahler manifolds such as almost Kahler, quasi 
Kahler, nearly Kahler and semi Kahler manifolds are all special almost 
Hermitian manifolds. Among all these classes of generalized Kahler 
manifolds, almost Kahler and nearly Kahler manifolds attracted the 
most attentions, because the former one is related to sympletic geom- 
etry and the latter on is nowadays related to theoretical physics. 

Integrability is one of the themes for researches on almost Hermitian 
manifolds. In [TT], Goldberg showed that for an almost Kahler mani- 
fold, if the curvature tensor commutes with the almost complex struc- 
ture then it must be Kahler. In [12], Gray introduced some curvature 
identities on almost Hermitian manifolds and considered their relation 
with integrability of almost Hermitian manifolds. In [TT], Goldberg 
also proposed a conjecture that any almost Kahler Einstein manifold 
must be Kahler. The conjecture was solved with a further assumption 
that the scalar curvature is nonnegative by Sekigawa in [22]. However 
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the full conjecture is still open. For other topics and progresses about 
the integrability of almost Kahler manifolds, one can consult the survey 
[1] written by Apostolov and Draghici and references there in. 

One should note that the above mentioned results are all with respect 
to the Levi-Civita connection. However, on a general almost Hermitian 
manifold, Levi-Civita connection does not compatible with the almost 
complex structure. In fact, there is a connection more related to the al- 
most complex structure generalized the Chern connection on Hermitian 
manifolds (see [1]). The connection is called the canonical connection 
for almost Hermitian manifolds first introduced by Ehresmann and 
Lebermann[S]. The motivation for studying almost Hermitian, more 
restrictive speaking, almost Kahler geometry comes from Donaldson 
O [7] program to find canonical metric on sympletic manifolds which 
naturally generalized Calabi's program for Kahler manifolds. In [26] , 
Tossati, Weinkove and Yau used the canonical connection to solve the 
Calabi-Yau equation on sympletic manifolds with certain positivity on 
a combination of curvature tensor and torsion of the canonical con- 
nection. Their work is related to Donaldson's program. Donaldson's 
program or solving the Calabi-Yau equation on sympletic manifolds is 
another theme in the research of almost Kahler geometry. The canon- 
ical connection is also useful for the study of the structure of strictly 
nearly Kahler manifolds by Nagy([20| [21]). 

Nevertheless, almost Hermitian geometry may have its own interests, 
in [25], Tossati obtained a Laplacian comparison, a Schwartz lemma for 
almost Hermitian manifolds which is a generalization of Yau's Schwartz 
lemma for Hermitian manifolds(See [2S])- Moreover, with the help of 
the generalized Laplacian comparison and Schwartz lemma, Tossati ex- 
tended a result by Seshadri-Zheng [22] on the nonexistence of complete 
Hermitian metrics with holomorphic bisectional curvature bounded be- 
tween two negative constants and bounded torsion on a product of com- 
plex manifolds to a product of almost complex manifolds with almost 
Hermitian metrics. In [9jj, Fan, Tam and the author further weaker 
the curvature assumption of the result of Tossati and obtain the same 
conclusion which is also a generalization of a result of Tam- Yu [21] . 

In this paper, we first systematically compute the first and second 
Bianchi identities on almost Hermitian manifolds. Some of the Bianchi 
identities listed in this paper are hidden in different forms in [2Sl [Ml [H] • 
Then, with the help of the Bianchi identities and the local pseudo holo- 
morphic normal frame introduced in [30] , we compute the curvature of 
the Levi-Civita connection on an almost Hermitian manifold in terms 
of curvature and torsion of the canonical connection. In ^ , the authors 
made a converse computation for quasi Kahler manifolds. Indeed, they 
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compute the curvature of the canonical connection in terms of curva- 
ture of the Levi-Civita connection for quasi Kahler manifolds. Hence, 
the curvature identities for quasi Kahler manifolds we obtained in sec- 
tion 3 are also hidden in a converse form in [5]. 

For example, for the holomorphic sectional curvature of the Levi- 
Civita connection and the canonical connection, we obtain that 

r4_ — R.^.^ _|_ T-« T-i It* t-*- 

^iiii ~ ^ 2 «^ 

where and R means the curvature tensor of the Levi-Civita con- 
nection and the canonical connection with respectively and r means 
the torsion of the canonical connection. By this identity, we know 
that when the manifold is Hermitian, that is r^^- = for all z,j and 
fc, then the holomorphic sectional curvature of the Levi-Civita con- 
nection is not greater than the holomorphic sectional curvature of the 
canonical connection. Moreover, when the manifold is quasi Kahler, 
that is rfj = 0, the holomorphic sectional curvature of the Levi-Civita 
connection is not less than the holomorphic sectional curvature of the 
canonical connection. Also, by this identity, one can find that the 
curvature assumption for diameter estimate in [3] and [12] coincides. 

Finally, with the help of the curvature identities, we obtain the fol- 
lowing two integrability results for quasi Kahler manifolds. 

Theorem 1.1. Let (M, J, g) be a quasi Kahler manifold. Then 

(1.1) < S* 

all over M. Moreover, if the equality holds all over M , then Rqu = 
for all i,j,k and I all over M, and if the manifold is almost Kahler, 
then it must Kahler when the equality holds all over M. 

Theorem 1.2. Let {M, J,g) he a compact quasi Kahler manifold with 
quasi positive second Ricci curvature and parallel (2,0)-part of the cur- 
vature tensor for canonical connection. Then, the manifold must he 
Kahler. 

For the first result above, there are some related discussions on al- 
most Kahler manifolds in 0. For the second result above, one should 
note that without any curvature assumption, even for almost Kahler 
manifolds, the vanishing of (2,0)-part of the curvature tensor of the 
canonical connection does not imply integrability. One can find such 
kind of examples in [T]. Moreover, the assumption that the second 
Ricci curvature is quasi positive can not be relaxed to nonnegative. 
Indeed, in [5], the authors constructed quasi Kahler structures on the 
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Iwasawa manifold which can never be Kahler by topological reasons 
with vanishing curvature tensor for the canonical connection. 

Finally, by the help of the curvature identities, we obtain the follow- 
ing two properties of nearly Kahler manifolds. 

Theorem 1.3. Let {M,J,g) be a nearly Kahler manifold. Then, if 
the Ricci curvature of the canonical connection is positive definite or 
negative definite at some point, then the manifold must be Kahler. 

Theorem 1.4. Let (M^ J,g) be a non-Kdhler nearly Kahler manifold. 
Then Rq = for all i and j . 

The study of nearly Kahler manifolds was initiated by A. Gray in 
the 70's of the last century. In [131 El US]) Gray intensively studied 
the structure of nearly Kahler manifolds. In [15], Gray proposed a 
conjecture that any homogenous nearly Kahler manifold must be 3- 
symmetric. The conjecture was reduced to six dimensional case by 
Nagy [2U] and finally solved by Butruille [2]. However, this is not the 
end of the story. All the known examples of compact strictly nearly 
Kahler manifolds are 3-symmetric. So, it was conjectured by Butruille 
|2j that all compact strictly nearly Kahler manifolds are 3-symmetric. 
It is really an interesting and important problem to find out all the six 
dimensional strictly nearly Kahler manifolds. 

2. BlANCHI IDENTITIES ON ALMOST HERMITIAN MANIFOLDS 

In this section, we systematically derive the Bianchi identities on 
almost Hermitian manifolds. 

Definition 2.1 ([IHl [HI ED])- Let (M, J) be an almost complex man- 
ifold. A Riemannian metric on M such that g{JX, JY) = g{X, Y) 
for any two tangent vectors X and Y is called an almost Hermitian 
metric. The triple (M, J, g) is called an almost Hermitian manifold. 
The two form Ug = g{JX, Y) is called the fundamental form of the 
almost Hermitian manifold. A connection V on an almost Hermitian 
manifold (M, J,g) such that Vg = and VJ = is called an almost 
Hermitian connection. 

Let V be a connection on the manifold M. Recall that the torsion 
r of the connection is a vector-valued two form defined as 

(2.1) r{X, Y) = VxY - VyX - [X, Y]. 

There are many almost Hermitian connections on an almost Hermitian 
manifold. However, there is a unique one such that t{X, Y) = for 
any two (1, 0)-vectors X and Y. Such a notion is first introduced by 
Ehresman and Libermann [8]. 
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Definition 2.2 (p^[T9]). The unique almost Hermitian connection V 
on an almost Hermitian manifold (M, J, g) with vanishing (1, l)-part of 
the torsion is called the canonical connection of the almost Hermitian 
manifold. 

In the remaining part of this paper, we adopt the following conven- 
tions: 

(1) Without further indications, the manifold is of real dimension 
2n; 

(2) D denotes the Levi-Civita connection and denotes its cur- 
vature tensor; 

(3) V denotes the canonical connection,/? denote the curvature ten- 
sor of V and " ;" means taking covariant derivatives with respect 
to V. 

(4) Without further indications, capital English letters such as A, B, C 
denote indices in {1, 1, 2, 2, ■ ■ ■ , n, n}; 

(5) Without further indications, z, j, k etc denote indices in {1, 2, ■ ■ ■ , n}. 

(6) Without further indications, Greek letters such as A, denote 
summation indices going through {1,2,-- - ,?t,}. 

Recall the Nijenhuis tensor for a almost complex manifold is a vector 
value two form defined as 

(2.2) N{X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y] 

for any tangent vectors X and Y. 

The following relation of Nijenhuis tensor and torsion is well know. 

Lemma 2.1 ( [HI IISl [IS] ) • Let {M,g, J) be an almost Hermitian mani- 
fold, (ei, 62, ■ ■ ■ , Cn) be a local (1, 0) -frame. Then iV^- = M = M = 
and Nj'j = Ar^j for all i,j and k. 

Recall the definition of curvature operator: 

(2.3) R{X, Y)Z = Vx^yZ - VyVxZ - V[x,y]Z- 
The curvature tensor is defined as 

(2.4) R{X, Y, Z, W) = {R{Z, W)X, Y) . 

Fixed a unitary (1, 0)-frame (ci, 62, ■ ■ ■ , e„), since V J = 0, we have 

(2.5) RijAB = R/ab = 

for all indices i,j and A, B. Moreover, similarly as in the Riemannian 
case, we have the following symmetries of the curvature tensor: 

(2.6) Rabcd = —Rbacd = —Rabdc 
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for all indices A, B, C and D. Recall that i?^^ = g^^R\p.AB and R!^-. = 
g'^^RijXp are called the first and the second Ricci curvature of the almost 
Hermitian metric g respectively. 

The following general first and second Bianchi identities can be found 
in [U]. 

Lemma 2.2 (First Bianchi identity). Let M a smooth manifold and 
V be an affine connection on M with torsion r. Then 

R{X, Y)Z + R{Y, Z)X + R{Z, X)Y 

(2.7) ={Vxr){Y,Z) + (VyT)(Z,X) + {Vzr){X,Y) 

- t{X, r(r, Z)) - t{Y, r{Z, X)) - r(Z, r{X, Y)) 

for any tangent vectors X, Y and Z . 

Lemma 2.3 (Second Bianchi identity). Let {M,g) be a Riemannian 
manifold and V be an affine connection compatible with the Rieamnnian 
metric g with torsion t. Then, 

(2.8) 

{VwR){X, Y, U, V) + {VuR){X, Y, V, W) + (Vyi?)(X, Y, W, U) 
= - R{X, Y, r{U, V),W)- R{X, Y, r{V, W),U) - R{X, Y, t{W, U), V) 
for any tangent vectors X, Y, U,V,W. 

By directly applying the Bianchi identities above and 02.51) , we have 
the following identities. Some of them can also be found in different 
forms in [THl HSI and 



Corollary 2.1. Let (M, J, g) be an almost Hermitian manifold and and 
fix a unitary frame. Then 

(2) Rijkl - Rkjil = 'T'lk-J ~ '^ik^W 

(3) RfjkT — Rilk'j = '^-iuu — '^kX'^l ' 



ijkl ^Hlkj ' ji-k kX' jV 

(4) Ri-jkT - Rklij = '^lk;j + '^kk ~ '^kX'^fl ~ '^'jyJik' 

(5) Rfjkl = -tIi-J + T-jx'^kU 

(6) Rijkl + Rkjli + Rfjik = Tik;l + '^fc/;i + '^li;k ~ '^ix'^kl " '^kx'^li ~ '^ix'^ik' 



(7) 

Rijkl,m ~l~ Rijlm;k ~l~ Rijmk;l 

D _ _|_ A p _ _|_ A p _ _|_ A p _ _ _|_ ^A p _ _ _|_ ^A p 

' kl-^ijmX ~r ' Im^ijkX ' ' mk^ijlX ' ' kl^ijmX ' ' Im-^ijkX ' ' mk^ijlX 

(8) Rijkl-m Rijml;k RijmkJ ^mkRijXl '^mkRijXh 



(9) R^jf^iyy^ Rijkm;l Rijlm;k "^[^Ri^Xk ~^ '^Ifh'^' 



ijkX! 
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Proof. By Lemma [2.21 we have 
(2.9) 

p-D j_r> D ip-D — j__D .D D R D E D E 

AB^^A BC^^B CA — 'BC;A~^^CA;B~^^AB;C ^AE'BC ^BE^CA ^CE^AB- 

Letting C = i, A = k, B = I and D = j, we obtain (1). Letting C = 
i, A = k, B = I and D = j gives us (2). Taking conjugate of (2) give us 
(3). Subtracting (2) and (3) give us (4). Letting C = i,A = k,B = l 
and D = j give us (5). Letting C = i,A = k,B = l and D = j give us 
(6). 

Moreover, by Lemma [2. 3 [ we have 
(2.10) 

Rabcd;E+Rabde;C'+Rabec;D = —TcdRabfe—TdeRabfc~TecRabfd- 

Letting A = i,B = j,C = k,D = l and E = m give us (6). Letting 
A = i,B = j,C = k,D = l and E = m give us (7). Finally, letting 
A = i,B = j,C = k,D = l and E = rh give us (8). □ 

By Lemma 12.11 we know that when the complex structure is inte- 
grable, we have rjj = 0. Hence, we have the following identities on 
Hermitian manifolds. 

Corollary 2.2. Let (M, J, g) be a Hermitian manifold and fix a unitary 
frame. Then 

(1) Rfjkl~ Rkjil = '^ik-ji 

(2) Rijkl~ Rilkj = '^]l-k' 

(3) Rijkl- Rklfj = '^lk;j + '^-jl;k' 

(4) %H = 0; 

(5) ''~ik;l + '^kl;i + '^li;k — '^L'^kl + '^kX'^H + '^ix'^ik' 

(6) Rj^jj^f.^ Rijml;k ^mkRijXh 

C^) Rijkl;ifi RijkmJ ^Tiffi^j^'^' 

Recall that an almost Hermitian manifold (M, J,g)) is called almost 
Kahler if dUg = and it is called quasi Kahler if du = 0. It was shown 
in [2B](see also [TBI 112]) that quasi Kahlerity is equivalent to t^j = 
for all i,j and k, and almost Kahlerity is equivalent to t^j = and 

rj'j + tI- + rj^ = for all i,j and k. Hence, we have the following 
corollary. 

Corollary 2.3. Let {M,J,g) be a quasi Kahler manifold and fix a 
unitary frame. Then, 

(1) '^ik;l + '^kl;i + '^li;k 

(2) Rijkl ~ Rkjil — ~\k'''jx' 

(3) Rijkl — Rilkj = '~'^kX'^jl> 
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Recall that an almost Hermitian manifold (M, J, g) is said to be 
nearly Kahler if [DxJ)X = for any tangent vector field X. The 
following criterion for nearly Kahler manifolds is well known, see for 
example [20l[2T]. 

Lemma 2.4. An almost Hermitian manifold (M, J, g) is nearly Kahler 
if and only ifr^ - = and t^, = r*^ for all i, j and k when we fix a ( 1,0)- 



It turns out that the torsion for a nearly Kahler manifold must be 
parallel. This fact was first shown by Kirichenko [16] and was crucial 
to the study of structure nearly Kahler manifolds in [20l[2T] . We give a 
proof of this fact using the curvature identity we derived in the section. 

Theorem 2.1 (Kirichenko). Let {M, J,g) be a nearly Kahler manifold. 
Then Vr = 0. 

Proof. Fix a unitary frame, we only need to show that r^^-.^ = r^..^- = 
for all i, j, k and /. 

By Lemma [2.41 and (5) in Corollary 12.31 we know that 



Substituting this into (6) of Corollary 12.31 and using Lemma 12. 4[ we 
have 



frame. 



(2.11) 



'ijkl 



kl;j- 




On the other hand, by (1) in Corollary 12.31 and Lemma [2.41 




So 




□ 
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By Lemma 12.41 and Theorem 12.11 we have the following Bianchi iden- 
tities for nearly Kahler manifolds. 

Corollary 2.4. Let {M,J,g) be a nearly manifold and fix a unitary 
frame. Then, 



Remark 2.1. (1),(2),(7),(8) disguised in different forms can also be 
found in [28j. 

Since the fist and second Ricci curvature tensor coincides for nearly 
Kahler manifolds, we simply denote them as 

3. Curvatures of Levi-Civita and Canonical Connections 

In this section, we compare the curvature tensor of the Levi- 
Civita connection D and the curvature tensor R of the canonical con- 
nection V on an almost Hermitian manifold (M, J,g). 

Recall the following comparison of Levi-Civita connection and canon- 
ical connection on almost Hermitian manifolds. One can find it in [TU] 
and in [S] for a proof. 

Lemma 3.1. 



for any tangent vector fields X, Y and Z. 

Theorem 3.1. Let (M, J,g) be an almost Hermitian manifold and fix 
a unitary frame. Then, 




R - - = D ■ 

^ijm,l\k 
D _ _ - — f) 
^ijkm;l 



0; 



{DyX, z) = (VyX, ((t(x, y),z) + (T(y, z),x)- {t{z, X), y)) 




(3.1) =2(^iTkj + Rkjil) - (^D^T-fcA + ^a^Ia - '^ifc^ir) 

- ^(4^+4^) + ^(4 + 4 - ^ )(^ + ^ - ^j)- 
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Proof. For the purpose of simplification, for p G M, let (ei, 62, ■ " " ) e„) 
be a local pseudo holomorphic normal frame at p (See (SD])- Then (1) 
Vei{p) = 0;(2) gfj{p) = Sij and (3) [ek,ei]{p) = 0. 
By Lemma [3 -H we have 

(3.2) D^,ip) = ^T^ip)-, + ^4(p)e, 
and 

(3.3) D,Mp) = + \ (4 + -Ax - ri) -X. 

Hence 
(3.4) 

(De,De7ei,ej)(p) 
= (Ve,-Derei,e-)(p) + - ((r(De7ei, Cfc), ej) - (r(e-, De^e^), e^)) (p) 

=efc(De^ei,e-)(p) - \t1^tI^{p) - ^r^A^|k(p) 

=efc (^Veiei.e]) + ^(r(e7, ej), e^)^ (p) - ^r^A^^(p) " ^^a^|kb) 

= (Ve,V,^e„e-)(p) - \r]-,^^{p) - ^r^A^b) - ^-^a^^^) 

where we have used properties of local pseudo holomorphic normal 
frame, Lemma 13711 (13. 2p and (13.31) . 
Similarly, we have 



(3.5) 

{D^D^^ei,ej){p) 

= {VerDe^ei,e-){p) + -{{T{De,ei,ei),ej) + {T{ei,e-), D^^ei) - {riej, De,ei),ei))(p) 
=e7(De,e„ e-) - + - T|,)(rA+ - r^.) - 

=(V^Ve,e„ e-) + 1(4 + _ rJ^)(7^+ - rj.) - 1^7^ 
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So, 
(3.6) 

I ^ 1" Ik ^ \ " k X I 

=RfjkT - 2^^-jl;k + '^ik;!^ ~ '^i^kx'^h + ^iX'^jx) + ^(^ife + '^fcA ~ '^Xi)i'^jl + '^/A ^ ^Aj) + '^^jl'^ik 

= 2^Rilkj + Rkjil) - 2^TkX^jl + '^rx'^ik) - -^i^kx'^IX + ^i^^jX ~ '^'jfik) 

+ ^(4 + ^A-4)(^+^-^^) 

where we have used (2), (3) in Corollary 12. 1KI3.4'|) and fl3.5p . □ 

Corollary 3.1. Let (M, J,g) he an almost Hermitian manifold and fix 
a unitary frame. Then 

(3.7) R^u = Riii^ + r!x^x-lri,7j^- 

Moreover, when the complex structure is integrable, 

(3-8) Rfifi = Rm - ^tI^Jy^, 

which means not the holomorphic sectional curvature of the Levi-Civita 
connection is not greater than then holomorphic sectional curvature of 
the Chern connection. When the manifold is quasi Kdhler, 

(3.9) R^ii = Riiii + 

which means that the holomorphic sectional curvature of the Levi-Civita 
connection is not less than the holomorphic sectional curvature of the 
canonical connection. Furthermore, when the manifold is nearly Kdhler, 

(3.10) = Rm 

which means that the holomorphic sectional curvature of the Levi-Civita 
connection is the same as the holomorphic sectional curvature of the 
canonical connection. 

By that when the complex structure is integrable, = 0, we have 
the following corollary. 

Corollary 3.2. Let {M,J,g) be an Hermitian manifold and fixed a 
unitary frame. Then 

(3.11) R^ki = liRuk] + Rkju) - \ {rbjix + • 
By the second equality in (\3.6h . we have the follows. 
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Corollary 3.3. Let (M, J, g) be a quasi Kdhler manifold and fixe a 
unitary frame. Then 

(3.12) Rfjki = RijkT+ yik -r >k\ - 'Mj y-ji^ Tx " 'AJ, 

Remark 3.1. A similar identity was also obtained in [5]. 

By noting that for an almost Kahler manifold, r^j + rj;. + rl- = 0. 
We have the follows. 

Corollary 3.4. Let {M,J,g) be an almost Kdhler manifold and fix a 
unitary frame. Then 

(3.13) Ii^^=R^^+rtrl^. 

By Lemma 12.41 we have the following curvature identity for nearly 
Kahler manfolds. 

Corollary 3.5. Let {M,J,g) be a nearly Kdhler manifold and fix a 
unitary frame. Then 

(3-14) 4^r=^^M+^^4 

Theorem 3.2. Let {M, J,g) be an almost Hermitian manifold and fix 
a unitary frame. Then 

(3.15) ^ ^ ^ 



+ ^^ixVjk '^kx + '^Xj) ^^Tx yik '^kx + '^Xi 

Proof. For sake of simphcity, let p G M and (ei, 62, ■ ■ ■ , e„) be a local 
pseudo holomorphic normal frame at p as in the proof of of Theorem 
O Then 

(3.16) 

{D^^D^ei,ej){p) 

= {Ve^,D^i, Cj) + -{{T{De^ei, ek),ej) + {T{ek, ej),D^i) - {T{ej, De^Ci), Ck)) 

=ek{D^ei, Cj) - ^r^(r^^ + - r^^) - K'^^r^, 

=ek (^{Ve^i, e,) - ^(r(e,-, e^), e7)^ - ^rf^ir^^ + - r^^) - ^rl^rf^ 



'jjji;k{p) '^^ixi'^jk + '^kX '^Xj) '^'''iX'^jk 
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where we have used properties of local pseudo holomorphic normal 
frame and fl3.2l) . Moreover 

(3.17) 

={^wDekei,ej){p) + -{{T{De,ei,el),ej) - {T{ej, De^ei),ei)){p) 

=ei (^(Ve^^Cj, ej) + ^ ((T(ei, Cfc), e^) + (r(efc, e^), e,) - (r(ej, d), e/,))^ (p) 

- J^D. (-^i + ^^A - 4) (P) - Ir'^xr^kip) 

where we have used properties of local pseudo holomorphic normal 
frame, Corollary 12.11 and (13. Sp . 

Combining (13. 16^ and (13. 17^ . we get 

(3.18) 

~ '^'^ki~'^fk + ^kX ~ '^Xj) + ^'^/a (y~'^ik + '^kX ~ '^Xi 



□ 



Corollary 3.6. Let (M, J, g) be a Hermitian manifold and fix a unitary 
frame. Then 

(3-19) = ^4;^ + I i^k-^'k - rLr^k) ■ 

Applying the properties of quasi Kahler manifolds that r^^ = and 
(6) in Corollary 12. 3[ we obtain the follows. 

Corollary 3.7. Let {M,J,g) be a quasi Kahler manifold and fix a 
unitary frame. Then 

(3.20) Rfji^j= Rkiij. 

Remark 3.2. The same identity was also obtained in [5]. 
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By (5) in Corollary 12.31 we have the following corollary for nearly 
Kahler manifolds. 

Corollary 3.8. Let {M,J,g) be a nearly Kdhler manifold and fix a 
unitary frame. Then 

(3.21) 4^r=0. 

Theorem 3.3. Let (M, J,g) he an almost Hermitian manifold and fix 
a unitary frame. Then, 

(3-22) + (t^ - 4 - + (4 - 4 - ^ 

^ _A ( I 1 l\ 1 _A /_A J I 

~ '^M.i yjk ^kx ^xjj '^^jk yu nx ^xi 

Proof. We proceed similarly as before. Let p E M and (ei, 62, ■ " " ) e„) 
be an local pseudo holomorphic normal frame at p. Then 

(3.23) 

{De,De,ei,ej){p) 

= (Vefe£'e,ei, Cj) + - ((r(De,ei, Cfc), Cj) + (r(efc, Cj), D^^d) - {t^cj, Z^e^Ci), e^)) 
=efc (^(Ve^Ci, ej) + ^ ((r(ei, e/), e^-) + (T(ej, e^-), e^) - (T(ej, e^), e;)) 

^ -X fl , A ^fc A I ^A f\ 



— ^ ( _L ^ ^ rr>- ( j_ rJ ( \ I _i _Z" 

"2 V '^^'^ 'i;^ i*;^ y 4 V ^A 4 V «^ -^^ 

where we have used (13. 3p . Similarly, 

(3.24) 

~2 V ^i;' i*;' / 4 v 4 -^^ v 
Moreover, note that 

[efc, e/](p) = Ve,ez(p) - V eMv) - ^(e^, q)(p) = -t^Va - t-^Va, 
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SO 



(3.25) _ _ 1a P 1 _ ^-x\ _ l^A^A 

^ ^ ~' J ^ 1 ^^A^A I ^A^A 



where we have used fl3.2p and (13.31) . 
Hence 

(3.26) 

1 X(\.J l\ ^xf^X.J. J\ 1 / i \ ^A , 1 /^A^A , ^A A 



'2 {jkl]i " {jiX^kl + '^kx'^U + '^Ix'^ik^^ + 2 ~ {jl>''''kj + ''"fcA''j7 + '^jA''";!- 

+ 2 ~ ~^ '^^ik + '^ix ~ ''"Ij) + ^'^/i (^''"ifc + ''"fcA ~ ^Xi 

1 X(\.l l\ 1 A / A , 7 Z" ^ 1 / i \ ^A , 1 /^A^A , ^A A 



^"^i/ (^''"jfc + ''"fcA ''"Ajj '^'^jkyu+'^ix '^xij 2 V •'•^ '^ixj'^ki + 2yij'^ki + '^ij'^ki 

^ ^ J \ I ^ ( J ^k \ . ^ /^^A^A I ^A A 



I 1 ^A /^A 7 I o-A fn->' J- 

"T ~^'ik yjl 'IX ^XjJ "T '^'jl [Jik 'kX ^Xi 
1 ^A fl 1 Jt \ 1 A ( \ ~i J 



^'iiyjk '^kX '^Xjj '^'^jk yu '^IX '^Xi 



where we have used (1) in Corollary 12.21 □ 

As before, using properties of Hermitian manifolds and quasi Kahler 
manifolds, we have the following corollaries. 



Corollary 3.9. Let {M,g, J) be an Hermitian manifold and fix a uni- 

\jkl 



tary frame. Then, R^^^i = 0. 
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Corollary 3.10. Let {M,J,g) be an quasi Kdhler manifold and fix a 
unitary frame. Then 

(3.27) R^jkl = 2 ijkhi ~ + 2 ~ 



By Theorem 12. we have the following corollary for nearly Kahler 
manifolds. 



Corollary 3.11. Let {M,J,g) be a nearly Kdhler manifold and fix a 

hjkl 



unitary frame. Then Rf^i^i = 0. 



At the end of this section, we compute the Ricci curvature of the 
Levi-Civita connection of an almost Kahler manifold and a nearly 
Kahler manifold. 

Theorem 3.4. Let (M, J, g) be an almost Kdhler manifold fixed a uni- 
tary frame. Then, 

(3-28) Rfj = Rfxxj + Rjxxi'i 



and 



(3.29) =R!^ - 2T^Tf 



Proof. 



(3.30) Rij - R^-j-^ + R-^-j^ - R^ij-^ + R^---^ - Rfxxi + Rfxxj 

where we have used the symmetries for the curvature tensor of Levi- 
Civita connection and Corollary 13. 7[ Moreover 

4 

~R\fj\ + ^Xi'jX 

idL f?^_ |_ J^l' _ 



_9 r>L pi 



(3.31) =2%a + 2r;^r^j - R'fj - r;^r^^ 

=mxx^ - rlr^ - Rk + + ^a(4 + 4,) 

where we have used Corollary 13.41 and Corollary 12. 3[ □ 



Curvature identity 17 

Theorem 3.5. Let {M,J,g) be a nearly Kdhler manifold and fix a 
unitary frame. Then 

(3.32) 4 = 

and 

(3.33) 4 = R,^ + ^f^^. 

Proof. The proof is the same as the proof of Theorem 13.41 using Corol- 
lary [33] and Corollary 13.81 □ 

4. Integrability of quasi Kahler manifolds 

In this section, with the help of the curvature identities derived in 
the last two sections, we obtain some results about the integrability of 
quasi Kahler manifolds. 

First, recall that the *-scalar curvature S* for the Levi-Civita con- 
nection of an almost Hermitian manifold is defined as (see for example 

DP) 

(4-1) S* = 4,^-. 

Let S'^ be the scalar curvature of the canonical connection. That is 

(4.2) = R,-,^,. 

Theorem 4.1. Let (M, J,g) be a quasi Kdhler manifold. Then 

(4.3) < S* 

all over M . Moreover, if the equality holds all over M, then Rfj^i = 
for all i,j,k and I all over M, and if the manifold is almost Kdhler, 
then it must Kdhler when the equality holds all over M. 



Proof. By Corollary 13. 3[ we know that 
(4.4) S* = S^ + \ J2 + 



4 



A _ M 



2 



When the equality holds all over M, we have 

(4.5) t| + t^,-4 = 
for all i,j and all over M. Then 

(4.6) 4r+4r-^.^=0 
which means that 

(4.7) Rklij + Riljk ~ Rjlki = 
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by (5) in Corollary 12.31 Combining this with (6) in Corollary I2.3[ we 
know that Rij^i = for all k and /. 

When the manifold is almost Kahler and the equality holds all over 
M. It is clear that r,^- = for all i,j and k by combining fl4.5p and 

r| + Tj^ + tI^ = for all i, j and k. □ 

Remark 4.1. In [I], there is a similar inequality as in the theorem above 
in integration form for almost Kahler manifolds. 

We know that when the complex structure is integrable, then the 
(2,0)-part of the curvature tensor for the canonical connection van- 
ishes. One may wonder if the converse is true. It turns out that the 
converse is not true even when the manifold is almost Kahler. Indeed, 
there are examples of strictly almost Kahler manifolds (almost Kahler 
but not Kahler) with vanishing (2,0)-part of the curvature tensor for 
the canonical connection which is equivalent to that the curvature ten- 
sor for the Levi-Civita connection satisfies the third Gray identity by 
Corollary 13 . 7( see for example \T\). However, when some curvature con- 
ditions are imposed, the answer turns out to be affirmative. 

Theorem 4.2. Let {M, J,g) be a compact quasi Kahler manifold with 
quasi positive second Ricci curvature and parallel (2,0)-part of the cur- 
vature tensor for canonical connection. Then, the manifold must he 
Kahler. 

Proof. Note that for a quasi Kahler manifold r^j = 0, so the Laplacian 
opertors on functions for the canonical connection and the Levi-Civita 
connection coincides (See for example [2Sl[n])- We apply the Bochner 
technique to ||r|p = t,^t-| to draw the conclusion. 
Fix a unitary frame, we have 

(4.8) 

k k_ I k k_ I k k_ _i_ k k_ 

'ij;rij;l ij;U ij ij ij;U 

k k I k k I f k If? -k l p _L f? -r^\n-^ _L t-^ n-^ 

^ + i~^kTij;l + K>Jxj + ^fx'^iX + ^Xk'^ij)'T'Tj ~ Tij^klij;! 

^k k I ^k k I / T}>/ ^k I T}// ^k , ry// ^X\k 

>o 

where we have used Corollary 12.31 and the Ricci identity for commuting 
covariant derivatives with respect to the canonical connection (See for 
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example |9j). By maximum principle, we know that ||r|p is constant 
and that r is parallel. Since the second Ricci curvature is positive at 
some point, r vanishes at some point. Therefore r vanishes all over M 
and the metric is Kahler. □ 

Remark 4.2. In [5], the authors construct a quasi Kahler structure on 
the Iwasawa manifold with vanishing curvature tensor of the canonical 
connection. We can not obtain integrability by just assuming the sec- 
ond Ricci is nonnegative and vanishing (2,0)-part of curvature tensor 
for a quasi Kahler manifold. 

Furthermore, we have the following integral inequality by taking in- 
tegration on (14. 8p . 

Theorem 4.3. Let (M, J, g) he a compact quasi Kahler manifold. Then 

(4-9) / J2 + ^lr4 + KrljHdV < [ J2 1%^/!'^^ 

Proof. By Lemma 13. it is not hard to check that the divergence oper- 
ators on vector fields for the canonical connection and the Levi-Civita 
connection coincides on quasi Kahler manifolds. Moreover, by (14. 8p . 
we have the follows. 

(4.10) 

k k I k k I f r>" _A: i p" _fc i p// X\ k i k k i k k 

^k k It k I (Till Tt I Tjll ^k I r>ll ^X\^k , k\ , ( It k \ 

n 

i,j,k,l=l 

where we have used Corollary 12.31 Taking integration on both sides of 
the last inequality and applying the divergence theorem, we obtain the 
conclusion. □ 



5. Some properties of nearly Kahler manifolds 

In this section, we derive some properties of nearly Kahler manifolds. 
One should note that some properties of nearly Kahler manifolds are 
derived by Nagy [2T] in terms of curvature of the Levi-Civita connec- 
tion. In contrast, the properties we derive here are in terms of curvature 
of the canonical connection. 
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Proposition 5.1. Let (M, J,g) be a nearly Kdhler manifold and fix a 
unitary frame. Then 

n 

(5.1) R^lkAA = ^ 

k,l,X,fj,= l 

for all i and j . 

Proof. By Corollary \2.A\ we know that 

n 

(5-2) {jkl-^ijmX + ^hn-^ijkX + '^mk-^ijl\j — 

A=l 

for all i,j,k,l and m. Then 

n 

(5.3) {jkl^fjmX + '^hn^ijkX + '^mk^fjl)}j '^M ~ ^• 

k,l,m,X=l 

By Lemma [2.41 we have 
(5.4) 

n 

3 ^ ^fjkT^\f{Ati = {j^fjmX'^kf^ + ^ijkX'Thn^frh + ^fjlX^mk'^lhl) ^ 

k,l,X,fi=l k,l,m,X=l 

Hence 

n 

(5.5) J] %fcrtT{^ = 0. 

A;,(,A,/x=l 

□ 

Theorem 5.1. Let {M,J,g) be a nearly Kdhler manifold. Then, if 
the Ricci curvature of the canonical connection is positive definite or 
negative definite at some point, then the manifold must be Kdhler. 

Proof. By Proposition 15.11 we have 

(5.6) Yl Rkir^xA = 0. 

k,l,X,fi=l 

If the {Rki) is positive or negative at some point p G M, then 

(5.7) rlip) = 

for all A, /i and /. Note that r is parallel on M by Theorem 12.11 So 
r = all over M and hence (M, J, g) is Kahler. □ 

Theorem 5.2. Let (M^ J,g) be a non-Kdhler nearly Kdhler manifold. 
Then R^j = for all i and j . 
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Proof. Let <I>(X, Y, Z) = {t{X, Y), Z) for any (l,0)-vectors X, Y and Z. 
Then $ is a (3, 0)-form on M by Lemma[231 Let Ci, 62, 63 be a unitary 
frame and u^,u'^, be its dual frame. Suppose that $ = cu^ Au"^ Au'^. 
Since the manifold is non-Kahler, c 7^ 0. Moreover, it is clear that 

(5.8) rl = c.sgn^] ] 

Substituting the above in to Proposition 15.11 we have 

(5.9) |cp% = 0. 

This completes the proof. □ 
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